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Abstract The frequency response behavior of Atomic Force Microscopy (AFM) cantilevers in liquids is
completely different from that in air, due to changes in the applied hydrodynamic forces and squeeze
forces. In this paper, a finite-element method is used to explore the dynamic behavior of AFM cantilevers
in air and in liquids. Furthermore, the frequency response of the tapping mode AFM under acoustic
excitation force is studied. In the theoretical model, hydrodynamic forces exerted by the liquid on the
AFM cantilever are approximated by additional mass and hydrodynamic damping. The results show that
the microcantilever operating in liquids is an intensively damped system, with a relatively large shift in
its resonant frequencies from its natural frequencies, along with a considerable reduction in vibration
amplitudes. The simulation results are comparedwith experimental results, showing very good agreement
between the two. In addition, the effects of liquid viscosity and liquid density on the frequency response
function are studied. Finally, the dynamic behavior of the AFM cantilever under tip-sample interactions is
analysed in both repulsive and attractive regimes. The paper shows further that the frequency response
in liquid environments close to the surface depends on two important parameters: squeeze force and
tip-sample interaction.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY license.1. Introduction
Atomic Force Microscopy (AFM) has become an indispens-
able tool in biology, because it permits the imaging and prob-
ing of nanomechanical properties of biological samples, such
as biopolymers and viruses, under physiological (liquid envi-
ronment) conditions. The ability of AFM to measure forces in
the nanoNewton range, under physiological conditions, makes
it a very attractive tool for studying many biological interac-
tions, and intermolecular force governed phenomena [1], such
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Open access under CC BY license.as drug/protein interactions, protein/protein interactions, and
cell/cell or cell/protein interactions.Moreover, using AFM in liq-
uid environments has other advantages, such as elimination of
capillary forces and reduction of van der Waals forces [2]. For
years, the images generated byAFMswere acquiredusing a con-
tact mode in which the tip exerts a constant force on the sam-
ple specimen. This approach had unintended consequences in
particular leading to sample damage and resulted image obscu-
rity. In order to reduce forces acting on the specimen, the AFM
data was collected using the tapping mode, rather than contact
mode. In the tapping mode, the vertical force is decreased and
the lateral force is almost omitted, due to a reduction in con-
tact time [3]. Dynamic ForceMicroscopy (DFM) uses the AFM in
two modes of operation: the noncontact mode and the tapping
mode. The tapping mode, operated in either air or liquid, uti-
lizes changes in cantilever vibration amplitude and resonance
frequency caused by the tip-sample interaction to reveal sur-
face properties.
Figure 1 is a schematic diagram showing the tapping mode
operation of the AFM.
The first experimental implementation of the tapping mode
operation was by Putman et al. [4]. They measured the
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frequency response and the tip-sample approach curves, both
in air and liquid. Burnham et al. [5] used a point-mass model
to generate the approach curve for the tip-sample interactions.
These experimental and numerical results had good agreement
in air, but showed a wide discrepancy in liquids. Sader
presented a theoretical analysis of the frequency response of
a cantilever beam in fluid and showed that the viscosity of
the fluid has a considerable effect on the frequency response
of the tip [6]. Since then, several studies on tip frequency
response in fluid have been conducted. For example, Tsukada
andWatanabe [7] analyzed the cantilever oscillation of theDFM
in liquids using numerical methods; Horng [8] investigated the
cantilever frequency response in the tapping mode in liquid
using amodal superpositionmethod, andRankl et al. [9] studied
the frequency response of a cantilever close to the sample
surface in liquids. Rankl et al. considered the squeeze forces in
a small distance between the tip and the sample, but did not
analyze the effect of the tip-sample interaction on their results.
Vancura et al. measured the frequency response of a composite
cantilever in liquids and air [10]. Their results demonstrate
that the vibration amplitude and resonance frequency of a
cantilever considerably decrease in liquid environments. This
reduction is made by liquid damping, which will be discussed
further.
Song and Bhushan calculated the linearized tip-sample
interaction and employed it to obtain frequency responses
under tip-sample interaction in air [11].
Many developments have been made to increase the
resolution of AFMS since its invention. The change in the
dynamical properties of AFM cantilevers due to the tip-sample
interaction can be used to evaluate the sample’s mechanical
properties. One of the most popular dynamical properties for
this purpose is the Frequency Response Function (FRF), which
will be used throughout this paper.
At first, FRFs in both air and liquids are derived; the results
are then compared with the experimental data. The influences
of the mechanical parameters of the liquid (i.e., viscosity and
density) on the FRF are analyzed. Eventually, near the surface,
the tip-sample interaction in the liquid is developed, and its
effects on the FRF are studied. In this paper, it has been
revealed that for small vibration amplitudes near the surface
two parameters have a very important effect on the frequency
response: squeeze force and tip-sample interaction in such a
way that the first reduces vibration amplitude and the second
shifts the resonance frequency.2. Cantilever finite element modeling
Several models have been developed, with or without
considering the tip-sample interaction. In previous studies, for
establishing an elastic continuous model of a cantilever, the
equivalent system of a point-mass [12,13] or a continuous
beam model [14,15] have been theoretically analyzed. Results
obtained by the point-mass model in the liquid environment
are not exact solutions, mainly because of the importance of tip
geometry and the tilting of the cantilever to the sample surface,
which cannot be modeled using the point mass model.
The continuous beam model is proper enough for the
theoretical analyzing of simple geometries of rectangular
beams, but for more complicated geometries, we have to look
for numerical methods. To have a model that is efficient for all
geometries, the Finite Element (FE) model of the continuous
beam has been used. By extracting stiffness (K ), mass (M),
damping matrices (C), and external force (Fext ) of the beam
element, and substituting them in the vibration equation, the
FE motion equation for the tip-cantilever system is expressed
as [11]:
Mu¨+ Cu˙+ Ku = Fext , (1)
where u represents cantilever deflection. The detailed expres-
sions for the above matrix are given in the Appendix. In liq-
uid, there are hydrodynamic forces (Fhyd) and squeeze forces
(Fsqueeze), which, by modeling the cantilever with strings of
spheres, can be expressed as [16]:
Fhyd = −

3πη + 3
4
πb

2ηρliqω

du
dt
−

1
12
πρliqb2 + 34πb

2ηρliq
ω

d2u
dt2
, (2)
Fsqueeze = −ηb
3
D3
du
dt
, (3)
where η is the liquid viscosity, ρliq is the liquid density, ω is the
angular oscillation frequency, b is the cantilever width and D is
the distance between the oscillators (cantilever) and the wall
(surface sample). If l is the tip length, and D0 is the equilibrium
separation between the tip and the surface sample, then, D can
be shown to be a function of (x) as:
D (x) = D0 + l+ (L− x) sinα, (4)
where α, x and L are as defined in Figure 2. By considering
acoustic excitation for AFM, the total cantilever deflection can
be expressed as:
u (t) = d (t)+ Jg (t) , (5)
where g(t) is the harmonic excitation of the holder, and J is the
position vector. Since harmonic excitation causes only vertical
displacement, without any rotation in the cantilever, they can
be calculated as:
g (t) = hg sin (ωt) , J = [1; 0; 1; 0; . . . . . . . . . ; 1; 0], (6)
where hg is the excitation amplitude and ω is the frequency
of the excitation force. Substituting Eq. (5) into Eq. (1) leads
to Eqs. (7) and (8). Notice that Cu˙ = Cd˙ and Ku = Kd,
because holder movement makes all beam elements move
equally. In other words, all nodes move uniformly. Only the
transverse term is changed and the angular term is constant,
so the transverse movement cannot make relative movements
of the beam elements and, consequently, no change occurs in
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Table 1: Parameters of simulation for the AFM cantilever and tip.
Cantilever and tip parameters Magnitude
Cantilever length (L) 200 µm
Cantilever width (b) 140 µm
Cantilever thickness (t) 7.7 µm
Cantilever mass density (ρ) 2730 kg/m3
Cantilever Young’s modulus (E) 130 GPa
Cantilever angle (α) 15°
Tip length (l) 10 µm
Tip radius (R) 10 nm
the stiffness and structural damping matrixes. Therefore, g and
g˙ are not considered for thesematrixes in Eqs. (7) and (8). These
are different for Cadd, where it is a dampingmatrix related to the
flow, and which exists because of the cantilever-flow contact
and does not depend on holder movement.
Md¨+ Cd˙+ Kd = Fext −MJg¨ (t) , (7)
(M +Madd) d¨+ (C + Cadd) d˙+ Kd
= Fext − (M +Madd) J g¨ (t)− Cadd J g˙ (t) . (8)
In the above equations d is the vector of cantilever deflection
relative to the moving holder, Madd is the added mass matrix,
and Cadd is the liquid damping matrix. They are expressed as:
Madd = ρadd
ρ × AM, (9)
Cadd = chyd
ρ × AM + Cs, (10)
where Cs is the squeeze damping matrix given in detail
in Appendix, ρadd, chyd and csqueeze are added mass density,
hydrodynamic damping and squeeze damping coefficient,
respectively. These parameters are defined according to the
above equation as follows:
ρadd = 112πρliqb
2 + 3
4
πb

2ηρliq
ω
, (11)
chyd =

3πη + 3
4
πb

2ηρliqω

, (12)
csqueeze = ηb
3
D3
. (13)Table 2: Parameters of simulation for the liquid and sample.
Liquid and tip parameters Magnitude
Liquid density (ρliq) 1030 kg/m
3
Liquid viscosity (η) 13.2× 10−4 kg/(ms)
Hamaker constant (H) 2.96× 10−19 J
Intermolecular distance (a0) 0.38 nm
Effective elastic modulus (E∗) 10.2 GPa
Effective shear modulus (G∗) 4.2 GPa
Quality factors in air (Q ) 900
Number of elements (n) 30
3. Simulation of AFM cantilever
FRF diagrams are extracted using the parameters of Tables 1
and 2. The simulation is done for the composite silicon
cantilever and water with 10% glycerol as liquid, and Highly
Oriented Pyrolitic Graphite (HOPG) as the sample.
3.1. FRF in air and liquid
Hydrodynamic forces of liquid have a significant effect
on the frequency response. Resonance frequencies of the
cantilever in air can be calculated by using simple equations
with appropriate precision. The first two resonance frequencies
of the cantilever in air are calculated using the following
equations [17]:
ωn = β2n

EI
ρA
, (14)
where:
β1 = 1.875L , β2 =
4.694
L
.
Due to the hydrodynamic and squeeze forces at closer distances,
which are nonlinear, in liquid there is no simple set of equations
to obtain resonance frequency, as there is in air. Therefore,
it is complicated to derive formulas when the cantilever is
surrounded by liquid.
At this stage, using Eqs. (7) and (8), considering the
excitation force to be harmonic and assuming the distance to
be far away from the surface (which means that the tip-sample
interaction force (Fts) and squeeze damping matrix (Cs) values
are equal to zero), FRF can be calculated as follows for air and
liquid, respectively:
FRF (ω) |Air =

K + iωC − ω2M−1 MJω2, (15)
FRF (ω) |Liquid =

K + iω (C + Cadd)− ω2 (M +Madd)
−1
× (M +Madd) Jω2 − iωCadd J . (16)
The FRF curve is plotted using properties given in Tables 1
and 2. Figure 3 shows the FRF of the cantilever in both air
and liquid. Properties of the cantilever and liquid used in this
figure are the same as the properties used in [10]. The obtained
simulation results with this model are in good agreement with
the experimental results in [10]. As can be seen in Figure 3,
there are two major differences between FRF in air and liquid.
The first is a decrease in amplitude of vibration, because of the
significant damping of the liquid, and the latter is a decrease
in resonance frequency, because of added mass. In this paper,
parameters of both damping and added mass are taken into
account accurately, so that a decrease in amplitude of vibration
and resonance frequency is clearly observable.
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Figure 4: Effect of density on FRF of AFM cantilever in liquid.
3.2. Effect of density and viscosity on FRF in liquid
The density of fluid has a significant role in added mass,
and it decreases the resonance frequency. In Figure 4, the
FRF of the cantilever is considered with the properties given
in Tables 1 and 2 in the fluid environment. Then, the effect
of density on the FRF of the cantilever in the fluid has been
analyzed, assuming that all fluid and cantilever parameters
except density are constant. As can be seen in Figure 4,
increasing the liquid density causes an increase in vibration
amplitude, while resonance frequency reduces.
Besides density, the viscosity of the fluid has a significant
role in damping coefficient and it decreases the amplitude. This
parameter has an important effect on hydrodynamic force. In
this section, considering squeeze damping and hydrodynamic
damping, the effect of viscosity on the FRF of the AFM cantilever
in liquid is analyzed. The equilibrium distance between
the tip and sample for the squeeze damping calculation isFigure 5: Effect of viscosity on FRF of AFM cantilever in liquid.
D0 = 0.08 nm. As can be seen in Figure 5, the viscosity of
fluid decreases the resonance amplitude, while the resonance
frequency is constant.
In dynamic force microscopy, the oscillation amplitude
of the cantilever is not very sensitive to the small shift of
resonance-frequency in liquid [18]. The main reason for this
fact is the significant decrease inQ -factor and consequently the
resolution reduction in liquid.
As shown in Figure 5, it is possible to reduce damping effects
by selecting a low viscosity liquid, which compensates for the
significant decrease in Q -factor.
3.3. FRF in air and liquid under tip-sample interaction
In liquid, when the AFM cantilever is vibrating far away from
the surface, there is no external force except hydrodynamic
force, so in Eqs. (7) and (8), Fext = 0 and the squeeze damping
matrix is zero, Cs = 0. When the cantilever tip is close to
the sample surface, the external force equals the tip-sample
interaction force, Fext = Ft−s, and the squeeze damping matrix
is not zero, Cs ≠ 0, which turns out to be significant. If
the long-range attractive force and the short-range repulsive
force are described using the van der Waals force and the
Derjaguin–Muller–Toporov (DMT) model, respectively, the tip-
sample interaction force in a normal direction can be expressed
as [11]:
fn =

− HR
6u2
; un > a0
− HR
6a02
+ 4
3
E∗
√
R (a0 − u) 32 ; un ≤ a0
(17)
1
E∗
= 1− ϑ
2
tip
Etip
+ 1− ϑ
2
sample
Esample
, (18)
and, according to the Hertzian contact theory, the tip-sample
interaction force in the tangential direction can be expressed
as:
ft =

0; un > a0
−8G∗√R (a0 − d) 12 ∆t; un ≤ a0 (19)
1
G∗
= 2− ϑtip
Gtip
+ 2− ϑsample
Gsample
. (20)
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The tip-sample interaction force can be linearized when the
cantilever vibrates with very small amplitude around an
equilibrium position (un = D0). So, the tip-sample interaction
force can be expressed as:
Ft−s = −Kt−su, (21)
where Kt−s is the matrix stiffness coefficient of the tip-sample
and Ft−s is the force vector caused by the tip-sample interaction,
that is acting on the endnode of the beam. This vector concludes
force and moment at the end node. Referring to Figure 6, this
vector can be calculated by:
fy = ft sinα + fn cosα
Mz = l( ft cosα − fn sinα). (22)
Considering the force vector, matrix cantilever deflection and
matrix stiffness coefficient, they can be expressed as:
fy
Mz

= − Kt−s uθ

. (23)
Matrix stiffness coefficients in normal and tangential contact
directions are determined as follows:
fn = −kn∆n
ft = −kt∆t (24)
∆n = u cosα − θ l sinα
∆t = u sinα + θ l cosα (25)
kn = − ∂ fn
∂un
 =
−
HR
3D03
; un > a0
2E∗
√
R (a0 − D0) 12 ; un ≤ a0
kt = − ∂ ft
∂∆t
 =

0; un > a0
8G∗
√
R (a0 − D0) 12 ; un ≤ a0
(26)
Kts =

kn cos2 α + kt sin2 α l cosα sinα(kt − kn)
l cosα sinα(kt − kn) l2(kn sin2 α + kt cos2 α)

. (27)
Substituting Eq. (21) into Eqs. (7) and (8), noticing that
Fext = Ft−s and considering the excitation force to be
harmonic, FRF can be calculated as follows, for air and liquid,
respectively:
FRF (ω)

air under t−s interaction
= [(K + Kt−s)+ iωC − ω2M]−1[MJω2 − Kt−sJ]. (28)Figure 7: FRF in air in repulsive and attractive regimes. The linear tip-sample
interaction is in repulsive (D = 0.08 nm, kn = 35 N/m and kt = 58 N/m) and
attractive (D = 0.5 nm, kn = −7.9 N/m and kt = 0 N/m) regimes.
FRF (ω)

liquid under t−s interaction
= (K + Kt−s)+ iω (C + Cadd)− ω2 (M +Madd)−1
× (M +Madd) Jω2 − iωCadd J − Kt−sJ . (29)
Based on the aforementioned equations, the stiffness coefficient
of the sample surface is added to the cantilever stiffness. This
equation is studied at three different distances from the surface.
At the first stage (free distance), the distance is far enough from
the sample that the reaction forces (Ft−s = 0) are negligible.
Under second and third conditions, the cantilever is near
the surface. When the distance is more than intermolecular
distance (D > a0), it is called an attractive regime, and when
the distance is less than intermolecular distance (D < a0), it
is called a repulsive regime. The frequency response diagram is
derived in these regimes.
The FRF curve under tip-sample interaction can be plotted
using the properties of Tables 1 and 2, and the above equations.
The FRFs are derived in two regimes, attractive and repul-
sive, as can be seen in Figures 7 and 8. As shown in Figure 9, at
the distance at which the tip-sample separation is larger than
the intermolecular distance, forces are attractive and, accord-
ing to Figures 7 and 8, these forces decrease the frequency. At a
distance at which the tip-sample separation is smaller than the
intermolecular distance, forces are repulsive and, as shown in
Figures 7 and 8, these forces increase the frequency. In addition
to the tip-sample force, at small distances to the surface in the
liquid environment, the squeeze force also exists as shown in
Figure 8, which reduces vibration amplitude. This decrease in
amplitude reduces the quality factor.
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sample interaction is in repulsive (D = 0.08 nm, kn = 35 N/m and kt =
58N/m) and attractive (D = 0.5 nm, kn = −7.9N/mand kt = 0N/m) regimes.
Figure 9: Interatomic force vibration versus distance. When the distance is
more than intermolecular distance (D > a0), it is called attractive regime, and
when the distance is less than intermolecular distance (D < a0), it is called
repulsive regime [15].
4. Conclusion
FRF is one of the most important diagrams in describing the
dynamic behavior of AFM. In this paper, the frequency response
in liquid and air is analyzed. Comparing the results of finite-
element simulation with experimental results shows good
agreement between them. It was shown that vibration in liquid
differs from vibration in air, in two major aspects, which are
vibration amplitude and resonance frequency reductions, due
to damping and addedmass, respectively. Also, the influences of
mechanical parameters of the liquid (i.e., viscosity and density)
on FRF are analyzed. Computational results proved that the
selection of low viscosity liquid will help to prevent severedecrease in Q -factor. Besides, analyses of the effect of tip-
sample interaction force on FRFs show that a close distance
relative to the surface, in the liquid environment, causes the
squeeze force which is the reason for vibration amplitude
reduction.
Appendix
Element mass, damping and stiffness matrices
The shape functions of the beam element are:
N =

1− 3
x
L
2 + 2 x
L
3 x
L
− 2
x
L
2 + x
L
3
3
x
L
2
− 2
x
L
3 − x
L
2 + x
L
3
, (A.1)
and the element mass and stiffness matrices are obtained by:
M = ρLA
420

156 22L 54 −13L
22L 4L2 13L −3L2
54 13L 156 −22L
−13L −3L2 −22L 4L2
 ,
K = EI
L3

12 6L −12 6L
6L 4L2 −6L 2L2
−12 −6L 12 −6L
6L 2L2 −6L 4L2
 ,
(A.2)
and the systems damping matrix, C, by considering the
proportional damping, can be calculated as:
MDiagonal
 
P¨
+ CDiagonal P˙+ KDiagonal {P} = 0
CDiagonal

=


mdiag,1kdiag,1
Q1
0 · · ·
0
. . . 0
... 0

mdiag,2nkdiag,2n
Q2n
 , (A.3)
where Qi is the quality factor in each mode, which can be
obtained by the experiment. Finally, by having the squeeze
coefficient in Eq. (13) and the shape function in Eq. (A.1), the
squeeze damping matrix can be expressed as:
Cs =
 le
0
csqueezeNTN dx. (A.4)
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